We present a theory of two-level additive Schwaxz preconditioners for plate elements. It is applicable to the cases where the finite element spaces on the" two levels axe (I) conforming and nested, (II) conforming and nonnested, and (III) nonconforming and nonnested. The condition number of the preconditioned system is independent of the mesh sizes and the number of subdomains in the case of generous overlap.
INTRODUCTION
Let ~l be a polygonal domain in I~ 2. The variational form for the plate bending problem is given by (cf. [12]) (1.1) where the Poisson ratio a E (0, .5). The clamped plate problem is: Find u E H02(12) such that (1.2) a(u,v)-~ fvdx Vv e H2 (~) , where u is the displacement and f E L2 (fl) is the body force.
Some standard plate elements are the fifth and sixth degree Argyris elements (cf. Fig.  6 and Fig. 8 ), the Bell element (cf. Fig. 10 ), the Bogner-Fox-Schmit element (cf. Fig. 4 ), the Fraeijs de Veubeke-Sander quadrilateral element (cf. Fig. 2) , the Hsieh-Clough-Tocher element (cf. Fig. 12 ), the Adini element (cf. Fig. 3 ), the Fraeijs de Veubeke element (cf. Fig. 7) , the reduced Hsieh-Clough-Tocher element (cf. Fig. 11 ), the Zienkiewicz element (cf. Fig. 9 ), the incomplete biquadratic element (cf. Fig. 1 ), and the Morley element (cf. Fig. 5 ). These finite elements were studied in [1] , [2] , [3] , [4] , [5] , [6] , [10] , [11] , [14] , [17] , [18] [19] , [20] , [22] , [24] [26] and [27] . Let Th be a triangulation of ft, and Vh be one of these finite element spaces associated with Th. The discretized problem of (1.2) is:
In this paper we describe a two-level additive Schwarz preconditioner (cf. [15] , [16] . [21] and [28] ) for the discretized problem (1.3). Such a preconditioner was studied in [29] , [30] and [31] for conforming plate elements, in [8] and [31] for macro plate elements, and in [7] for nonconforming plate elements. Here we give a unified treatment, which is applicable to these twelve elements (and of course, others).
Throughout the paper we use standard notation for Sobolev spaces and finite elements (cf.
[12], [9] ).
THE PRECONDIT1ONER
The construction of the preconditioner is based on the techniques of domain decompoa sition. We assume that f~ = [-Jj=m f~J, where f~j are open subdomains of f~. Let TH and 7h be regular triangulations (cf. [9] , [12]) of fl such that Th is a subdivision of TH and is aligned with each OQj. The parameter H (resp. h) represents the maximum of the diameters of the triangles (or rectangles) in TH (resp. Th). We assume that there exist Henceforth, C (with or without subscript) denotes a generic positive constant independent of h, H, 5, J, and .h%. One way to construct Tn, 7h and the subdomains is to first construct ~q} (1 _< j < J) Let (K, 7PK,AfK) be one of the plate elements. We also need the following estimates on the element nodal interpolation operator IIK: 
Therefore, if the approximate solvers R~ and R i are accurate enough so that wz is bounded and w0 is bounded away from zero, and if the overlap between subdomains is generous enough so that H is bounded, then the condition number of the preconditioned system is bounded independent of h, 6, H and J.
Remark. Under some shape regularity assumptions on the subdomains ~i, the factor (1 + (H/6)) 4 can be reduced t'o (1 + (g/6)) 3 (cf. [7] ). This is significant when the overlap among the subdomains is small.
EXAMPLES
In this section we discuss how the results in Section 3 can be applied to the various plate elements in Section 1. These plate elements can be separated into three types: (I) conforming and nested (VH C Vh C_ H~(gt)), which includes the Bogner-Fox-Schmit element and the (rectangular) Fraeijs de Veubeke-Sander element; (II) conforming but nonnested (VH, Vh C Hg(~), Vn g Vh), which includes the Argyris elements, the Bell element, the Hsieh-Clough-Tocher and reduced Hsieh-Clough-Tocher macro elements; (III) nonconforming and nonnested (VH, Vh g H2(Ft), VH q~ Vh), which includes the Adini element, the incomplete biquadratic element, the Fraeijs de Veubeke element, the Zienkiewicz element and the Morley element. In each case, we need to define the operators I h and jH which satisfy the estimates (I1), (I2), (J1) and (g2), and also verify the properties (H1) and (H2) of the element nodal interpolation operator.
The following lemma (cf. [13] , [25] ) is useful in defining the operator Jh H. VH such that Vv 6 H0~(a), V, e H~(n).
Since the Bogner-Fox-Schmit finite element spaces axe conforming and nested, we can take the intergrid transfer operator I/~ to be the natural injection. Therefore, the estimates (/1) and (I2) are trivial.
We define the operator 5h H to be ZgIYh. The estimates (51) and (J2) then follow directly from Lemma 4.1 since Vh C H~(gZ).
The nodal interpolation operator 11K for the Bogner-Fox-Schmit element is defined for C 2 functions, and it satisfies The estimate (4.3) is obtained by a straight-forward modification of the standard interpolation error estimate for the Bogner-Fox-Schmit element in [12] .
Let A E 7:'l(K). We have The estimate (H1) now follows from (4.4) and (4.5).
Let g E C~176 We have (4.6)
{{IIK(gv){{L2(K) <_ IInK(gv) -gvlti~(K) + IIglIL~(K)IIvIIL'<K).
By standard inverse estimates, (4.3) and the product rule, we obtain (4.7)
NIIK(gv) --gV{{L2(K ) <-Ch3K(IIglIL~(K) I~{W~(K) + Iglwa(K)IVlwa(K) + Iglw~(K)IIvlIL~(K)) <_ C(llg{lz~(g) + hK Igfw~(K)+ h~Iglw~(K))IIvlIL'-(K).
The estimate (II2) now follows from (4.6) and (4.7).
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Example 4.3. (The Hsieh-Clough-Tocher Macro-element)
The Hsieh-Clough-Tocher finite element spaces are conforming, but nonnested. Since Vh C Hg(g/), we can take the operator Jh H to be ZHIV~,, and the estimates (J1) and (52) follow directly from Lemma 4.1.
The nodal interpolation operator IlK for the Hsieh-Clough-Tocher element is defined for C 1 functions, and we have the following estimate (cf. [8] )
The estimates (HI) and (H2) follow from (4.8), as in Example 4.2.
We define I h to be the global nodal interpolation operator IIh. This is well-defined since the nodal variables of the Hsieh-Clough-Tocher element only involve first order derivatives and Vh C C 1 (~) .
Since v e VH implies that VIT e W~(T) for all T E Th, it follows from (4.8), the regularity of Th and 7-H, and standard inverse estimates that Summing up the square of (4.9) over all the triangles T E Th, we obtain The estimate (4.3) also holds for the nodal interpolation operator YIK of the Argyris finite-element. It can be proved by modifying the interpolation error estimates for almostaffine families of finite eldments in [12] . The estimates (H1) and (H2)follow as before.
However, unlike the macro-element, we cannot simply use the nodal interpolation operator as I~/since the nodal variables of the Argyris element involve all of the second order derivatives and v e VH is only C 1. We define I h as follows: (i) (O'~(Ihv))(p) = (O~v)(p) for ]a] <_ 1, (ii) (O~(Ihv))(p) = 0 for [a I = 2, and (iii) (o(Ihv)/On) (m) = (Or~On)(rn), for all vertices p and all midpoints m of Th. Hence I~/ is almost the same as the global nodal interpolation operator Hh, except that we suppress all of the second order nodal values. Since the part of 1-Ih that we suppress involves only the second order derivatives, it can be absorbed into the right-hand sides of the estimates (I1) and (I2). Therefore (I1) and (I2) can be obtained by a slight modification of the arguments in Example 4.3. [:sing (4.2), (4.11), (4.12). and 4.!6). we have There%re, (,11)and (J2) hold.
The nodal interpolation operator ]]A" for the Morley finite element is defined for C 't functions. Again, one can obtain (4.8) for Htc by modifying the interpolation error estirnates fi)r ahnost-aIfirte families of finite elements in LI_j, and (H!)-(H2) follow.
